Armed with the computer algebra system Maple, using a direct algebraic substitution method, we obtain Lie point symmetries, Lie symmetry groups and the corresponding symmetry reductions of one component nonlinear integrable and nonintegrable equations only by clicking the 'Enter' key. Abundant (1+1)-dimensional nonlinear mathematical physical systems are analysed effectively by using a Maple package LieSYMGRP proposed by us.
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As described in the traditional Lie approach by Bluman, [1] Lie showed that symmetry groups of ordinary differential equations (ODEs) could be used to reduce the order of the equations, and with the help of invariants the requirement of invariance of a given partial differential equation (PDE) with respect to some Lie transformation groups ensures its reducibility, and could also be used to check whether or not a PDE can be linearized. Hence it is important and interesting to study invariance and reducibility of PDEs as well as ODEs. Now, there exist some packages such as SODE and SPDE [2, 3] SYMMGRP.MAX, [4, 5] lie [6] and liesymm, [7] which can put out the reduced determining equations. However, none of them could give the symmetry reductions for given PDEs. In this Letter, we introduce a direct computer algebraic substitution algorithm to search for Lie point symmetries, Lie point symmetry groups and the symmetry reductions to (1+1)-dimensional PDEs, and then give an implementation software package LieSYMGRP to automate the calculations. Consider the (1+1)-dimensional PDE of the form
where u = u(x, t), u mx,nt = ∂ m+n u/∂x m ∂t n , and F is a polynomial of u and various derivatives of u with respect to x and t. Supposing that (1) admits a set of one-parameter (ε) Lie group of point transformations
which is completely determined by the infinitesimals X(x, t, u), T (x, t, u) and U (x, t, u). For brevity, we de-
Then the infinitesimal generator corresponding to Eq. (2) is
which is equivalent to
It is worth mentioning that we will not obtain X, T and U by traditionally calculating the determining equation
is the (n + m)th prolongation of V . Instead, here we use a direct technically substitution method. In fact, the group of point transformations (2) is also equivalent to
Then the Lie point symmetry generator of Eq. (2) is given by V = σ ∂ ∂u , and σ satisfies ∂ ∂ε F (u + εσ) ε=0 = 0. Starting from the definitions, an algebraic algorithm to compute Lie point symmetries, Lie point symmetry groups and the symmetry reductions to PDEs is described in the following.
First, we show how to obtain the determining equations. To obtain σ, one needs to replace u with u + εσ in Eq. (1). Then compute the derivatives with respect to ε, and let ε be zero to give an expression denoted as Sym. It is known that the symmetry determining equations must hold under the constraint that u is a solution of the PDE. To apply this constraint we obtain u mx,nt from Eq. (1)
Then making a substitution of Eq. (5) along with σ into Sym and by setting the coefficients of u and its derivatives such as u x , u t , u xt , . . . to zero, one can obtain the determining equations. While programming, we apply technically some transformations on the expressions obtained during the calculations. In detail, if we take the KdV equation
as an example, we can obtain a polynomial in the form
where
To collect the coefficients of u and its various derivatives,
. .. Then, we obtain the original determining equations. We simplify them first, i.e. remove all the redun-
for which after a substitution of η with u, using pdsolve() yields
where θ i (i = 1, 2, . . . , 4) are arbitrary constants. Then, the Lie point symmetry is
From the knowledge in Ref. [1] , we know that in terms of infinitesimals, a one-parameter (ε) Lie group of transformation x = X(x; ε) becomes
where ξ is infinitesimal and x = x at ε = 0. Thus, if x = (x, t, u), ξ = (X, T, U ), we obtain the following system of ODEs:
with x(0) = x, t(0) = t, u(0) = u, which on solving gives the Lie group of transformations
Next, we discuss the symmetry reductions. From Eq. (3), one obtain the characteristic equations
In the first one of Eqs. (11), dx dt = X T , if regarding x as a function of t we obtain
which on solving gives a similarity variable
Similarly, from the second one of Eqs. (11), du dt = U T , we obtain the invariant form
where U (ζ) is an arbitrary differential function of ζ. Then
Substituting Eqs. (12) and (13) into Eq. (6) gives its reduction form
with θ 1 = 0. If θ 1 = 0, we obtain a subgroup
Similar computation gives
Then the corresponding reduction form is
with θ 3 = 0. If θ 1 = θ 3 = 0, the reduction form is meaningless omitted here. Next, Let us consider the famous Burgers equation again by using LieSYMGRP
which was first suggested by Korteweg and de Vries [8] who used it as a nonlinear model to study the change of form of long waves advancing in a rectangular channel. For Eq. (14), LieSYMGRP gives the following results. The determining equations
Remark: The function determine() embedded in the Maple package liesymm gives wrong determining equations.
The Lie point symmetry
The Lie symmetry group
If θ 1 = 0, we have the Lie symmetry group
2θ 4 , we have the Lie symmetry group
If θ 2 = θ 4 = 0, the Lie symmetry group
u(ε) = (1 − 2θ 1 εt)u + (θ 5 θ 1 ε + 2θ 1 x + 2θ 3 ) 2ε .
Symmetry reduction 1: In summary, based on the classical Lie symmetry theory, we introduce a new direct algebraic substitution method to compute the Lie point symmetries, Lie symmetry groups and the corresponding symmetry reductions to one-component nonlinear integrable and non-integrable mathematical physics equations. Two examples are analysed with LieSYMGRP, and abundant results are obtained which may show a hint to other correlated study of integrable hierarchies.
